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Abstract. In this paper we establish that the maximal operator and the Littlewood-Paley 
g-function associated with the heat semigroup defined by multidimensional Bessel operators 
are of weak type (1,1). Also, we prove that Riesz transforms in the multidimensional Bessel 
^ - ^ setting are of strong type (p,p), for every 1 < p < oo, and of weak type (1,1). 

O 1- Introduction 

(N 

^ Harmonic analysis operators (maximal operators, Riesz transforms, Littlewood-Paley g-func- 

tions, multipliers, . . . ) associated with orthogonal expansions in discrete and continuous settings 
have been studied since the 60's of the last century, but in the last years it has been a very active 
" area and many authors have studied this topic (see, for instance, [T], jTD], [H], [T^, [13]) US]) 

^ dS], PO], pr, [53;, [35^, [27], [5S], and [^). Muckenhoupt and Stein [35] made a 

deep study about harmonic analysis in the one dimensional ultraspherical and Bessel settings. 
We are interested in this paper in the L^'-boundedness properties for the maximal operator 



and Littlewood-Paley g-function associated with the heat semigroup for the multidimensional 
Bessel operators and the Riesz transforms in the multidimensional Bessel context. As far as 
we know harmonic analysis operators in the Bessel settings had been studied always in the one 
dimensional case. After [33|, Andersen [2^, Kerman ([TT and [TS^) and Andersen and Kerman 
^ [3J established L^-weighted inequalities for the Bessel-Riesz transforms. Stempak [31_ studied 

I— I Littlewood-Paley g- functions and Mihlin-Hormander multipliers in the Bessel setting. Recently, 

in 13], [S], [5], [7|, fS], and [5] the one-dimensional harmonic analysis in the Bessel context has 
^ been completed investigating properties of g-functions and Riesz transforms of every order and 

[>«^ maximal operators associated with Poisson and heat semigroups. 

OS 

We consider the n-dimensional Bessel operator A^^ > defined by 

q „ - 

o 



,0) - 



'£j{^T'£j)^ A, > -1/2, for every j = 1, 



, n, n 



> 2. The 



.5^ heat semigroup generated by Aai,...,a„ is represented by {W^ "}t>o- This semigroup is a 

symmetric diffusion semigroup in the sense of [39] with respect to the measure toai,...,a„ defined 

H " 2A- 

n "^j ' '^^ (0,cx))". Then, according to [29, p. 73] the maximal operator 



t>o 

" 2A . . 

is bounded from LP((0, cx))", Y\^i ' dx) into itself, for every 1 < p < oo. Inspired in the ideas 

i=i 

developed by Nowak and Sjogren in [33] we establish that jg of weak type (1,1) with 

respect to the measure toai,....a„- 

Theorem 1.1. Let Xj > —1/2, j = 1, . . . ,n. The maximal operator ig hounded from 

Li((0,oo)", f{xf'dx) mfo Li^°°((0,cx))", f{xf'dx). 

3 = 1 3 = 1 
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Since for every / G Cj?°((0, oo)"), the space of C°°-functions on (0,00)" that have compact 
support, 

hm - f{x), x G (0,oo)", 

and C^((0, 00)") is a dense subspace of £^((0, 00)", Yl ^ dx), for every 1 < p < cx3. standard 

arguments allow us to deduce from the L^-boundedness properties of the maximal operator 
^r\l,■■■,Xn following result. 

Corollary 1.1. Let \j > —1/2, j = l,...,n, and 1 < p < 00. For every f G LP((0,oo)", 

n x'^.^'dx), 
3=1 

lim Wt^'-'^"(f)(x) = fix), a.e. x G (0,c5o)". 
t->-o+ 

According to j29l p. 67] the semigroup {W^^'''^"^}t>o admits an analytic extension to = 
{i G C : |ylr5(t)| < 7r/4}. The Littlewood-Paley g-function of the first order associated with 
|^Ai,...,A„|^^^ is defined by 

1/2 



t^W^^-^-{f){x) 



dt 



X G (0,cx))". 



By |29[ p. Ill], f;-^!' - "-^" defines a bounded operator from ^^((0, 00)", Y{ x^^^^ dx) into itself, for 

3=1 

every 1 < p < 00. We complete this result analyzing the behavior of g^^- - '^^^ on L^((0,(X))", 

" 2A 

n X, 'dx). 
3=1 

Theorem 1.2. Let Xj > —1/2, j = l,...,n. Then, the operator g^^ - -^-^^^ is bounded from 

Li((0,oo)", Hxf^da;) into L^'°^{{0,co)'', f[xf'dx). 
3=1 3=1 

The Bessel operator can be factorized as follows 

dx \ dx I \dx I dx' 



d _ , d 



where (-7-)* denotes the formal adjoint of — in i^((0, 00)", J| x^'^^da;). According to |22| 
dx dx j—i ■' 

Section 16] and |29j we define, for every i — 1, . . . ,n, the i-th Riesz transform /j^i' - '-^" associated 
with Aai,...,a„ by 

^'"■••^'"/ = / G Cr((0,(^)"). 

— 1/2 

Here A_n^^ represents the negative square root of A>,i,...,a„ whose definition will be specified 
later (see Section 4). L^-boundedness properties of the Riesz transforms Ji^^- - '^" ^ j = 1, . . . ,n, 
are established in the following. 

Theorem 1.3. Let Xj > -1/2, j = 1,. . . ,n, and i = 1,. . . ,n. For every f G C^((0, 00)"), 
^Ai A / admits derivative with respect to Xi on almost all (0,oo)" and 



_d_ 
dx. 



where 



p n 

K'\J^^) = 1™ / Rl"-^''{x.y)f{y)\{yf'dy, a.e. X G (0,cx))", 

1 r) df 

Vtt Jq dxi y/t 



and "{x,y) represents the kernel of the operator ", for every t > (see ^ fo 

definitions). 
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Moreover, the maximal operator R.i\,' "' " defined by 

n 

" x£ (0,oo)", 



e>Q 



n It 

J\x-y\>e 



is bounded from i^((0,cxD)", x^'^'^dx) into itself, for every 1 < p < oo, and from L^((0,oo)", 

3 = 1 

Y[x^j^^dx) into L^'°°((0, oo)", Yix^.'^^dx). The Riesz transform Ji-^^^-'^" g^yj extended to 
iP((0,oo)", U^idx) by 

Ri"-'^-{f){x) = lim / R'l"-^-{x,v)f{y)\{vf^dv, a.e. a;e (0,oo)", 

/or ewery is a bounded operator from L^((0,oo)", 

^ 2A ^ 2A ^ 2A 

Y\Xa ' dx) into itself, 1 < p < oo, and from {{0,00)" , Yl^i ' dx) into L^'°°{{0, 00)", Y[Xj 'dx). 

We now recall some definitions and properties that will be useful in the sequel. If denotes 
the Bessel function of the first kind and order u > —1, we have that, when A > —1/2, 

Aa,. JA_i/2(a;2)) = z^{xz)-^+^^^ J^_i/2{xz), x,ze (0, 00). 

Then, the heat semigroup {H^/^}i>o generated by Ax^x is given by 

rOO 

Wt\f){x)^ / Wt^{x,y)f{y)y^^dy, 



where 

Wt\x, y) - / e-*^' (xz)-^+^^^J^_,^^{xz){yz)-^+^/^J^_y2{yz)z^^dz, t,x,y G (0, 00). 
Jo 

Moreover, according to [34,, p. 195], we can write 

W,\x, y) = ^"^^'J^'^% A-i/2 (f ) e-(-=+^^)/4*, ^, y e (0, 00), 
where I^, represents the modified Bessel function of the first kind and order v > —1. 

The heat semigroup {W^^' ''^'^}t>o associated with the multidimensional Bessel operator 
Aai,...,a„ is defined by 



^Ai,...,A„ 



n It 

'(/)(^)- / W^'-''-{x,y)f{y)\{yf^dy, 

J(0,oo)" 

being 



(1) W^''-^-{x,y)^\{W^^{x,,y,), x = (xi, . . . , a;„), y = (yi, . . . , y„) € (0, 00)" . 

The following properties of the modified Bessel function I^, v > —1, will be used (see [12] 
and [31] )• admits the following series representation 

^/c! r(i/ + fc + i) 

Then, 

(3) ^•'^'^^¥f(J7:^f^ asz^O+. 
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Also, 

(4) Iu{z) 



\fe=o / 



/27rz 

where [v, 0] = 1 and 

(4.^-l)(4z.^-3^)--.(4^^-(2fc-in 
From ([2]) it is easy to deduce that 

(5) =z-^/,+i(z), zG(0,oo). 

Asymptotic expansion Q allows us to connect the operators (maximal operators, g-functions 
and Riesz transforms) associated with A^^^ ..^^^ with the corresponding operators in the classical 
Euclidean setting in a local region that is close to the diagonal in (0, 00)". This is a crucial point 
in the proof of our t heorems. The proof of Theorems |1 .2| and |1 .3| is more involved that the one 
of the Theorem 1.1 because the maximal operator " is positive while Littlewood-Paley 

g-function and Riesz transforms are not positive operators. 

This paper is organized as follows. In Section 2 we prove Theorem |1.1| Theorem |1.2| is showed 
in Section 3 and a proof of Theorem 1 1. 3 1 is presented in Section 4. 



Throughout this paper we will use repeatedly without saying it that, for every /c e N, there 
exists Cfc > such that z^^e"^ < Ck, z > 0. Always by C we denote a suitable positive constant 
that can change from one line to the other one. 

2. Proof of Theorem 11.11 
In this section we prove that the maximal operator 



=sup 

t>0 



J (0,00)" 



X e (0,00)'' 



" 2A, 



where A, > —1/2, j ~ l,...,n, is bounded from L^((0,oo)", Y\x- ^ dx) into L^^°°((0, 00)", 

" 2A 

n X, 'dx). 

3 = 1 



By Wt we denote the classical heat kernel in one dimension, that is, 

Wt{x, y) = -l=e-(--^)'/4*, t e (0, 00), X, y e 

ZV TTl 



We will split the region (0, 00)" of integration in several parts and study each of the operators 
that appear associated with every part. 

Firstly we analyze some auxiliary operators that will be useful in the sequel. The Hardy type 
operator defined by 

Hoo{9){x) = / ^dy, (0,cx3), 

Jx y 

is bounded from L^{{0,oo),x'^"dx) into itself when a > —1/2. Then, for every k £ N, the 
operator 

r... r ^^y'^y'---y'^ dyk---dy,, x=ix,,...,Xk)eiO,oo)\ 
fc 

is bounded from i^((0, 00)*^, ]^a;^"^(ia;) into itself provided that Uj > — 1/2, j = 1, . . . , k. 
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Suppose that A; e N and aj > —1/2, j = 1, . . . ,k. We define the operator iai,. by 
I'ai,...,a,(5)(a;) = 1 / •••/ 9{y)Wyj'''dy, xe{Q,oo)''. 

Lai ctk is bounded from L^((0, cxd)'^, flx^^^dx) into L^'°°((0, oo)'^, Y^x^^^dx). Indeed, let 

g e i^((0, 00)*^, n a;^"-'rfa;) and 7 > 0. By denoting rria-i ak ^be measure fi x'^°'^dx we have 
that 

m„i,...,c«J{a; e (0,oo)'= : |i„,,...,c«Jsf)(a;)| > 7}) 

-2X:(a^+l/2) 

3=1 



^v-J-^ / 3 = 1 



k 



/ X l/(2EK+l/2)) 

= mc,i,...,a,(|a; e (0,00)'= : < -llffll , |) 

V I- ^ I 7 Li((0,oo)Ml a:^ ^ da:)/ J/ 

^ ^ai,...,afc (Q)? 

1/(21: (a, + 1/2)) 

where Q= R 0,(i||ff|l . ) 

j=l ^ Li((0,oo)Ml a:,- 'da) 

Since, 

C 

mai,...,a,((5) < -llflll . . 

7 Li((0,oo)'=, n dx) 

it concludes that 

C 

TOai,...,a,({a; e (0,00)*= : |L„i,...,afc(5)(a;)l > 7}) < -llsll , , ^ 2c, • 
Let aj e K, j = 1, . . . , fc, with fc e N, we define the local Hardy type operator H"J^'"''"'' by 

Kc'-'"''i9)i^) = -, / •••/ 9iy)UyT''iy, x = (xi,...,x.)e(o,oof. 

It is not hard to see that H^Jj-'"" is bounded from Li((0,oo)'=, n xpdx) into itself. 



Also we consider the local maximal operator W";^'^ '"*" defined by 



W:}--"''(5)(a;)=sup 

t>0 



,loc 

/ • • • / U(^^jyj)-'''^t{xj,yj)giy) H yf^dy 

fe „ k 



, X e (0,00)*^. 



W"(oc'"' is bounded from L^{{Q,oof, Y{xf'dx) into ii'°°((0, oo)*^, nx^^"'da;). Indeed, for 
every j = {ji,-..,jk) S Z'^, we denote by the dyadic cube Qj = f| p-'*, 2-'»+^]. Also, for 

i=l 

every x e (0, oo)'^, -D(a;) represents the following set 

D{x) = {y={yi,...,yk)e (0, oo)*^ : Xj/2 < yj < 2xj, j = l,...,k}. 
Note that, if a; e Qj and y € D{x), then 2-''-^ < < 2-''+2, i = 1, . . . , fc. 
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Hence, it has 



<Csup/ ••• / n'^t(^''2/»)l5(2^)l'^2^' a;eQj, 

t>0J2Ji-i J2Jfc-i 111 



where C > does not depend on j e Z'''. 

If we denote, for every j — {ji, . . . ,jk) S Z*^, by Dj the set 

Dj={y = {yu..., Vk) e (0, oo)'= : V^-^ < < 2^^+\ z = 1, . . . , fc}, 
since, as it is well known, the maximal operator 



W,(/)(x) =sup 



i=l 

is bounded from L^{E!^ ^ dx) into L^'°°(M'^, dx), it follows, for every 7 > 0, that 
m„,....,„,({x e (0,(^)'= : W:}--"n.9)(2;) > 7}) 

- E e : W:--"n5)(a;) > 7}) 



ie2 



<CY^ e : ^t]-'''^ {g){x) > 7}) 



<-E / l5(2/)iriyr''^y 



<-||5(2/)ll . , <7Gi'((0,oo)^^x2"'dx). 

7 Li((o,oo)fe,n2:' Mk) 

Here mg'^'* denotes the usual Lebesgue measure on M*^ and M is a suitable positive constant that 
does not depend on j G Z 



k 



We now define, for every 1 < I < k, I, k ^ N, and aj > —1/2, j — 1, . . . , k, the operator 

<,"-'"'"(5)(^) = / •••/ / •••/ Ui^^y^y^' 

Jo Jo Jx, + i/2 Jxk/2^^1^^ 

X — — v^XYyT'^^y^ ^ = e (0,00)'', 

where e — ^ (aj + l/2) + (fc — ^)/2. By proceeding as in fSS', Case 3], we can prove that j^'^i'-- '"^- 
i=i 

is bounded from Li((0,oo)'=, flx^""' dx) into Li'°°((0, oo)'^', Hx^^^da;). 

In order to study the operator we use the estimates ([3| and (|4]) and divide, for 

every j = 1, . . . , n, the region (0, 00) x (0, 00) in three parts: one of them is close to the diagonal 
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{{xj, Uj) : Xj — Hj} and the other two ones are far from the diagonal. 

Our result will be proved when we see that, for every < I < m < n, l,m,n N the operator 
^tm defined by 

^l;;-'^"(/)(^)=sup 



t>0 Jo Jo Jxi + i/2 Jx^l2 J2a;^+i 

n n 

n W^'^ {x,,y,)\!{y)\ n yf'dy, x = (xi, . . . , x„) G (0, oo)", 

is bounded from L^((0,oo)", H ' dx) into L-^'°°((0, oo)", , 'dx). 

j=i 3=1 

According to [8, Lemma 4] , we have that 
(6) <Wt^{x,y) <Cy~^^-^, 2x < y < cx) and t > 0, 

provided that A > —1/2. Then, for every < I < m < n, l,m,n E N, 

S^,l^-'"{f){x)<Csup •••/ / •••/ l[W,'^{x„y,) 

t>0 Jo JQ Jxi + i/2 Jx^/2j^^ 

X ( r ... r -Jliy)^dyr.---y^+A n^f^dy^-.-dyi, (0,oo)". 

\J2xrn+i J2xn Vm+l ■ ■ ■ Un j 

"~"^ 2a 

Hence, since the operator i?^^™ is bounded from L^((0, oo)"^™, J| x ^dx) into itself, for 

every 0<m<n, mGN, by |14( Proposition 1], we must show that, for every < Z < m < n, 
m e N, and oij > — 1/2, j = 1, . . . , ri, the operator =5^;"^' defined by 



'•I' r) Q 

is bounded from Li((0,oo)™, na;r'f^^) into Li'°°((0, oo)™, n^^^ '^a;). 

Let /, TO e N such that < / < to < n and let > — 1/2, j = 1, . . . , m. According to Q we 
get 

(7) < W^{x,y) < C^^e-'-^ < C^-^e'f^ < C xe'^^ < C ^"^ 



provided that < y < x/2 < oo, t > 0, xy/t > 1 and A > -1/2. 
Also by (|3| it obtains 

(8) < W,\x, y) < < C-^^e-^''^\ 

when t,x,y E (0,oo), xy/t < 1 and A > —1/2. 

By combining ^ and ([s]) it follows that, for every A > —1/2, 

(9) < l^,^(x,y) < Cp^^e-^'/20t^ < y < x/2 and t > 0. 
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Then, 



^„?™'"'"(3)W<C 



/ ••• / sup^;^ \9{y)\\\v. 'dy 

Jo Jo t>0 Y: (aj + l/2) ",1 

/ •••/ \9{y)\Y[ 



-Y.x]l20t 



< C- 



y, ay 



<CL„,,...,„„(|5|)(x), xe(0,oo)' 



Hence, ^„"/^-"'" is abounded operator from ^^((O, cx))™, J] a; -"'dx) into Li'°°((0, oo)", J] ^T' 



2ai 



da;). 



We now analyze the operator j;^"!- - '"" 







(10) 
and 



Q<W^{x,y)<C 



-A 



\ Again, according to (|3| and Q, it gets, if A > —1/2, 
-(.-y)V4t^ t, a;, 2/ G (0, oo) and y > 1, 



(11) 0<W^,^(x,y)<C- 



tA+l/2 



1 xy 
< C* > t, a:,2/ e (0,oo) and — < 1. 



From ([10| and ([TT| it infers that, if A > -1/2, 



(12) 



0<Wt\x,y)<C 



\ Vt 



1 



„2A+1 



t,X,y € (0,CX3) 



Then (12 1 implies that the operator =.5^o"m bounded from L^((0,oo)™, ]^x "^dx) into 

L-'^'°°((0, oo)™, ^'^^) when this property is established for the operator defined, 

for every < Z < m, / e N, by 



22;i 



22;i ' 



n 



t>aJxi/2 Jxi/2.^-^ 
I 



n 2; 



2a,+l 



a;i+i/2 "'a;„/2 



l5(2/)l n y^^y^ ny^^^' ^e(o,oo)^ 



Since the operator W";^'^'"', 



< Z < m, is bounded from L^((0, 00)', \\x'°'^ dx^ into L^'°°( 



2q a a 

(0,00)', W^x^'^dx) and the operator ^^'^m-I'--"™^ < / < m, is bounded from i^((0, cxo)™"'. 



x^"^(ix) into itself, from |14l Proposition 1], it follows that 



is bounded from 



Li((0,oo)™, na^r'f^^;) into L^'°°{{0,oo)"\ n^;-"'^^)- every < Z < m. / G N. 



fc 



Assume that < Z < m. Since the operator iai,...,Qfc, fc G N, es bounded from L^((0,oo 

]^a; "^o?x) into iy^^°°((0, 00)'^, J|a;^"^(ia;) and the operator H, 

3=1 j=i 

k 2„. 

i^((0,oo)'^, Yixj'^^dx) into itself, by taking into account |14| Proposition 1], Q and (12l 

2a 



in order to prove that the operator ^^"^'" '""^ is bounded from L^((0,oo)"^, J^x^^^fix) into 
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L^ °°{{0, oo)™, Y[ x^j"^ dx), it is sufficient to see tliis property for the operator 



^z?m"""'"(5)(a;) = sup 

t>o Jo 



xi/2 /•xi/2 j-2x 



2x^ I 



n 



1 



^~x]/2m 



Jxi^t/2 Jx^/2j^-^ 



We have that 



(g)(x)<sup 



xi/2 fXil2 j-2x 



t>0 Jo Jo Jxi + i/2 



\9{y)\WyT'dy 

E ("j+l/2) + (m-0/2 j = i 



<c 



Xi/2 l-xi/2 n2x 



2a;™ m 



Ja:, + i/2 J2:„/2 
1 



n (^jyj)' 



/ , \ E (ai+l/2) + (m-0/2 j = i 

<C^"^-'""(|.g|)(x), (0,00)". 



Then, T,"- -- 



is bounded from Li((0,oo)", n^^?"''^^) i^^°°((0, oo)™, HaJ-^'^ia;), be 



2q,- 



cause J^^"^' "'"'" has this property. 



Thus the proof of Theorem |1.1| is finished. 



□ 



3. Proof of Theorem 11.21 

We are going to see that the Littlewood-Paley g-function associated with the heat semigroup 
H^Ai,...,A„|^^^ and given by 



,Ai,...,A„ 



(/)(^) 



)j 



X £ (0,C50)", 



defines a bounded operator from L^((0,oo)", Yi^i ^ dx) into _L^'°°((0, oo)", Y\x, ' dx), when 
\j > -1/2, j = l,...,n. 



For each x E (0, oo)", we consider the local operator g^^^'"'^"^ defined by 



dt 



xi/2 Jx,J2 : 



-/T f{v)WyT'dy 



2 ^ 

dt 



Minkowski's inequality leads us to 
|/--'"(/)(:r)-5'oV-''"(/)(^) 



/•OO f I ^ 
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2 ^ 1/2 



X ^ — f{y) n yT'^^y 



dt 



X= {xi,...,Xn) e (0, OO)". 



Our proof is divided in two steps: 



Claim 1. The operator g^^^ "'^" is bounded from Li((0,(X))", J^x^'^^dx) into -Li'°°((0, oo)" 



2Xi 



3 = 1 

Claim 2. The operator Q^i. - -^'^ defined by 
G'^--'-{f)ix) 



{poo r) f I ^ " 



/2<y,<2x,}(%)(a;jyj)" 



2 >| 1/2 

dt\ , a; = (xi, . . . , x„) e (0, 00)". 



is bounded from Li((0,(X))", H^^^^^o^a;) into Li'°°((0, 00)", j^x^'^^da;). 
We prove firstly Claim [l] It is sufficient to show that the operator 



t 



2x1 n^x,, Q /e-(^i-yi)V4t 

xi/2 Jxn/2 



'(xj~Vjf/it 



-^^ f{y)\{yf'dy 



dty ^t 

2 ^ 1/2 



dt 



i=2 



> , x = {xi, . . . ,a;„) e (0,00)", 



is bounded from L1((0,oo)", Y\x^j^^dx) into L1'°°((0, 00)", H^i^^^^;). When the derivative 

j=i . . . 

acts on any other factor the operator that appears can be analyzed in a similar way. 

For every m — (mi, . . . ,m„) G Z" the operator y^^' - -^^ is defined by 



2A, 



(0,00)" .n[2'"^-\2'".+^) 



X— I ^ j 



at 



+1 i^) TT 



-(a;j-yj)V4t " 



Vt 



3 = 1 



X 11 7f Im{y)dy 

3=2 



(0,00)' 



9t I 



1/2 



Vt 



dt 



1/2 



> , x = (xi, . . . ,x„) e (0,00)", 



where = X H ^/j' ' y = iyi^---^yn) S (0,c»)". 



n [2'"j"\2" 
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Let 7 > 0. We can write, for each / e ^^((0, oo)", Yl ' dx), 



(13) 



mA„...,A„({ar e (0,oo)" : 5i,;;c''"(/)W > 7}) 

<mA,....,A. [{x e (0,oo)" : Iffi'}-''" - ^ Y^^-'-^- {f){x)\ 

+ E ■'"(/)w>o}) 

=mA„...,A.({x e (0,oo)" : Iff^;,-""" - ^ > 7/2}) 

meZ" 

+ m,„...,A„({a;e(0,oo)": ^ 1^^^'-'" (/)(a;) > 7/2}) 

meZ" 

=mA„...,A.({a; e (0,oo)" : |5^}--"''(/)(a;) - ^ ^^^'■•••'''(/)(a=)| > 7/2}) 



mG2 



E "7,A,,...,,„({a;Gn[2"\2™^+i):y^--'^"(/)(x)>7/2}). 

meZ" i=i 



For every m e Z", it has 



"iA„...,A„({cr e ^[2'"^2™^+') : i;^- ''"(/)(x) > 7/2}) 

2 2^mjAj 



<C2 -1 m[,")({x e [][2™^2™^+^) : g^{fm){x) > M72-1 }), 

where C, M > are suitable constants that do not depend on m G Z", and gi represents the 
classical Littlewood-Paley g-function defined by 



9i{F){x) = { 



dt 



/ J=2 



1/2 



Since, as it is well known, gi is a bounded operator from L^{W^,dx) into L^'°°(M", dx), we 
deduce that. 



mA„...,A„({ar e ^[2"^2™^+^) : F^^'-'^''(/)(a;) > 7/2}) 

< — 2-'-^ ||/m||z,i(M'',dx) 



3 = 1 

7 in [2'"^"\2"'^+' 



n [2"'3-\2"'3+^) 
3=1 



Hence, we obtain 



meZ« j=l ' /=i ■> 
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On the other hand, it has that 

(15) m,„...,,„({a. e (0,00)" : l^t^ic ''"(/)W - E ^™"-''"(/)WI > 7/2}) 

n 

= E "^A„...,A„({^ e n[2'"^2™^+i) : |5^}-"'"(/)(a;) - y^--^"(/)(a;)| > 7/2}) 

meZ" j=l 

n 

Fix m = (mi, . . . , m„) e Z". We consider, for every a; e H [2™-' , 2'"3+i), the set 

71 n 

A{x) = n[2"^-\2'"^+2)\n[^./2,2x,). 



It is clear that 



A{x) = [j{Bi{x)\JCi{x)), x€ ^[2"^ 2'"^+i), 
;=i j=i 



where, for every a; G H [2™^ ) 2"'^+^) and Z = 1, . . . , n. 



and 



B,(a;) = {y e (0, 00)" : 2™^-! < y,- < 2™^+2, j = 1, . . . , n, j ^ 2™'"! < < xi/2} 



Ci{x) = {yG (0, 00)" : 2™-i < % < 2^^+^ j = 1, . . . , n, j ^ I; 2^; < y, < 2"'+2}. 



We get by using Minkowski's inequality, for every a; € H [2"*^ , 2"*^+^), 



<u-r< 



( a; ■ - y ■ ) 



n n 



< 



E 

;=i j=i 



/>cxD r o / — ^--i^ — ''^^ \ " d — _j — 't 



dt 



n poo r 

,=1 -^0 ■^Ci(^) 



e 4t 



j=2 



2 "1 ^ \ 

dt 



n 

^E 

;=i 



n 



l/(y)l { 



at I Vt 



n 

j=2 



Vt 



dt 



J 

n 



P I /"OO 

U^J'' / l/(2/)l / * 

,^=1 Jci{x) Jo 



d _ — z 
I e 4t 



dt \ ^ 



n 

3=2 



e it 



dt 



\ 



Since 
(16) 



di [ 



< C- 



-(xi-yif/8t 



t,a;i,yi e (0,oo), 
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it follows that, for every x G fi [2"^2™^+i) 

(17) \9^:u;-'"imx)-Y^^'-'^-{f){x)\ 
( 



;=i 



n 



Bi{x) 



\f{v)\ { 



Jo 



in+l 



-dt 



1/2 



l/(y)l 



Jo 



1/2 



By taking into account symmetries we only study the first term, Z = 1, in the last sum. Moreover 
the analysis of the integrals on Bi{x) and Ci{x) can be made similarly. We estimates only the 

n 

integral on Bi{x). Let x e H [2'"^2™^+l) . Since |a;i - yi\ = xi - y^, > Xt,/2 > 2'"i-i, when 
2™^"^ < yi < a:i/2, we have, 



fl^j'' [ \m\\ [ 

,=1 Jbi(x) Jo 



-dt 



1/2 



llyj'dy 



/ft 

J-Rn-1 



\fiy)\ 



liVj^dy 



x) (22mi-2 + J2 {Xj - %)2)"/2j=l 

<c K * 

lj2". \2".+^) ^22mi-2 + Y,{Xj - yj^^/^ 

J=2 



/m(y) 



(22mi-2+ X^(a;j- -yj)2)"/2 

j=2 



where y = (vya, • • • , y„) e M""^ and = x - . ^^.+Ay) / 

11 ^ ,2 3 j _/2mi-l 

using standard argument it gets 



\f{yi,y)\dyi- Then, by 



Bi(x) 



l/(y)l 



-dt 



1/2 



\{y]'dy 



3 = 1 

f^^j2k+'ni<\x-v\<2k+-^+"^i (22^1-2 + \x- y|2)t 



Vfc=0-^2^ 

^cV ' f 

— 2("^i+'^)"' /i- 

j n a 



fm{y) 



fm{y) 



.^|<2-i (22-1-2 + |S-y|2)t 



dy 



k=0 

C 



\x-y\<2''+'^i 



fm{y)dy 



<^Mr,-lifm)ix), 



where x = {x2, ■ ■ ■ ,Xn) and M„_i denotes the Hardy-Littlewood maximal function on 



pn—l 
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For every /3 > 0, the maximal function theorem leads to 



™A„...,A„({a;e^[2"^2 



\f{v)\ 



Bi(x) 



m+l 



<2 m("'({x e n [2'"^2™^■+l) : M„_i(/„)(a;) > /32'"iM}) 



<2 2'"im("~i)({.T e M"-i : M„_i(/„)(x) > /32™iM}) 



<2 J = ^ ^||/m||Li(R"-i,d2) 



2E Aj-™,- c 

<2 



n [2'"j"\2'"j+^) 



<- 



i = i 



i/(y)inyr^y 



Here, C and Af denote positive constants that do not depend on m e Z", and represents 
the Lebesgue measure on M*^. 



From ( 15 1 and ( 17 1 we deduce that 

m.„...,A„({x G (0,(^)" : |5i}oc''"(/)(^) - E > 7/2}) 

C 



< 



\f{v)\X{vf'dy 



3 = 1 



(18) 



< -11/11 " 2X- ■ 

~ 7 Li((0,oo)", n 'da;) 



Finally, putting together ( |13[ ), (14 1 and (18 1 we conclude that 

C. 



m.,,...,.J{xe(0,c^)":|g^--^"(/)(x)|>7})<^||/|l , ^ ^- 



Thus Claim [T] is established. 

We now prove Claim |2] Minkowski inequality allow us to write 

d 



□ 



n ( „o 

G^--'"(/)(x)<Ei / 

z=l [-^0 







[I? 


I ( 




J(0,oo)" \ 



dt 



^ Y[X{x,/2<y,<2x,}{yj){Xiyi) 



-A; 



2A/7rt 



at 



1/2 



n 

:EG-"--^"(/)(a:), a: = (xi,...,a;„)€ (0,oo)" 

i=l 



HARMONIC ANALYSIS AND BESSEL OPERATORS 



15 



By taking into account symmetries to show Claim[2] it is sufficient to prove that - defines 



abounded operator from L^((0, cx))", Yi^i ' dx) into L^'°°((0, oo)", Y\^i 'dx). 
Again by using Minkoswski inequaUty we have that 

d 



-fAi ,. . . ,An 











If' 


/ ( 






J(0,oo)" \ 



dt 



Wt '{Xi.yi) - X{x,/2<y,<2x^}{Vl){Xlyl) 



dt 



X{W^'{x,,y,)J{y)X{yf'dv 

j=2 j=l 



dt 



1/2 



E 

1=2 
i-1 



llX{:E,/2<a,<2a;,}(yi)(a;j2/j) ^ 11 Wt'ixj,yj) 



i=2 



X Wt^'{Xi,yi) - X{xi/2<y,<2xi}{yi){Xiyi)' 



j=l+l 



2VTrt 



/(y) '^y 



1/2 



dt 



(19) =^Gt^V-'^"(/)(2^)- a. = (xi,...,x„) 6(0,00)". 

1=1 

We are going to study G^i'- -^-^"^ j — 1, . . . ,n. Firstly we considerer V " ''*'" ■ By splitting the 
integral on yi e (0, oo) we get 



GtV -'"(/)(x)< <[ / t 



xi/2 



d 



dt 



2x1 "'(0,00)1 

22:1 



-1 at 



(xi, j/i) n (a:,, y,)/(y) n yf'dy 

J=2 



9 



a;i/2 J(0,oo)"-1 V Ct Ot 



J=2 



dt 



(20) =^GtV;T^"(/)(^), a; = (xi,...,x„)€ (0,00)". 



i=l 



According to |Sl proof of Lemma 8] we have, for every A > —1/2, t,x,y ^ (0, 00) and y < x/2, 



(21) 
and 
(22) 



d_ 
Ft 

d_ 
Ft 



Wt\x,y) 



WtHx.y) 



<cM^e-^^/-, xy>t, 



From (21 1 we deduce that, when 0<2/<a::/2<C!O, 



(23) 



d_ 
Ft 



WtHx,y) 



< C 



{xy) 



-A-1/2^3 



-X^/lQt ^ 



c 

iA+3/2' 



~x^ /20t 



, xy > t > 0, 
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together with (22l, implies that, for every A > —1/2, t,x,y E (0,oo), and y < x/2, 



(24) 



< 



C 



tX+3/2 

It will be proved that the operator defined by G^V.'i is bounded from iy^((0,oo)", 
Ylx^ ' dx) into L^'°°((0, oo)", Y\x, ' dx) when we show that, for every 1 < I < m < n, the 

3=1 3=1 
iAi,...,A, 



operator S,l^"' " defined by 



Wt^'ix,,yi) 



Y^wl^{x,,y,)\j{y)\'^yf^dy 



J=2 



3 = 1 



1/2 



dt 



X G (0, oo)'' 



is bounded from Li((0,oo)", ^x]^' dx) into Li'°°((0, oo)", ^xf'dx) 



2\i 



3 = 1 



3 = 1 



By using ^ since the operator is bounded from L^((0,oo)'^, Ylx^^^dx) into itself, for 

3 = 1 

every k E N and > —1/2, j l,...,fc, in order to prove that the operator S';\^^"'^", 

" 2A " 2A 

1 < / < m < n, is bounded from L^((0, oo)", H ^'^^) i^^^o L^'°°((0, oo)", H ^i ''^^) 

3=1 3=1 

sufficient to show that the operator 



'(/)(^) 



t 



xi/2 /•xi/2 /•2xi + i 

Jxi + i/2 Jx,„/2 



2x„ g 

dt 



-W,"^{xi,y,) 



J=2 3=1 
2ai 



dt 



1/2 



X = {Xi, . . .,Xm) e (0,00)™, 



is bounded from iy^((0,oo)™, /^^dx) into _L^'°°((0, 00)™, J^a; "^dx), for every aj > —1/2, 

3=1 3=1 

j — 1, . . . m, and 1 < I < m. 

Let ttj > —1/2, j = 1, . . . m. According to ^ and (24l, we can write 

-(!:-?)/2ot 



< c 



a;i/2 nXm/2 



-(^^f}/iot 



P = 
1/2 



E(a,+l/2) + l ^Vl 




-dt 



/O (qj+1/2) + 1 

t ^ = 1 



2:1/2 



Xm/2 



\f{v)\X{yrdv 

3=1 



< CLai^...,a^i\f\){x), X = (Xi, . . .,X„i) E (0, Oo)'' 



Then, JC'm '"" is bounded from L1((0,oo)™, U^j'^^') ^^'°°((0, oo)™, n^;^"'^^^;), be- 
cause iQi,...,a„ has this property. 



Assume that 1 < I < m. By (12 1, since H^^].'"""''' , 1 < fc < m, is bounded from L^((0,oo)'^, 



ns:-"'^^;) into itself and ^^1--"'" from ^^((O, oo)^ Ox^^^ dx) into Li'°°((0, oo)^ n^^r'^a;), 



3 = 1 



3 = 1 



[Til Proposition 1] implies that is bounded from Li((0, oo)™, H x "'dx) into Li'°°((0, oo)™. 



3 = 1 
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Yl x^^'dx), provided that, for every k £'H, m <k <n, the operator 



Trk-'''''{f){x) = i 



j=;+i j=i 



1/2 



(if 



a; = (xi, . . . ,Xfe) e (0,00)'', 



has this property. Let fc e N, m < A; < n. Minkowski's inequality leads to 



X < 



JO 



-(Ex-+ E (a:,-%)')/10t 



2E(«J + 5)+l+fc- 



1/2 



<CJ^"fc^'-'"'=(|/|)(x), a; = (a;i,...,xfc) e (0,00)^ 



k k 

Hence, T^^k''"'"'' is bounded from ^^((O, oo)*^, fl x'^"'dx) into Li'°°((0, 00)^=, fl x^^'dx), because 
j^gg ^j^jg property 



We have proved that Gi\'.i " is bounded from Li((0,(X))", Ha; - 'rfx) into Li'~((0, 00)", 



In order to see that G^^^.^'^"^ is bounded from ii((0,oo)", n^^^^'cia;) into L^'°°((0,oo) 



2Xi 



n a^, ^rfa;), we must prove that, for every 1 < I < m < n, the operator 



Jo J 2x1 J 2x1 Jo Jo Jxm+i/2 Jxn/2 



Y[W,''{xj,yj)\f{y)\l[yf^dy 

3=2 3=1 



/2 

2 ^ 



dt 



> , X € (0,00)^ 



is bounded from ii((0,oo)", Ux. 'dx) into Li'°°((0, 00)", na^^ c^a;). 

i=i 3=1 

Note firstly that if / < m, wc can proceed as in the previous cases (in the analysis of Gi\'.i'^") 
to see that S^l;^-^" is bounded from L\{0,ooy\ f[xf'dx) into Li'°°((0, 00)", f[xf'dx). 



Suppose now that I = m. Since the operator is bounded from ^^((0, 00)*^, Wx^'^dx) 



into itself, for every aj > —1/2, j = 1, . . . , fc, in order to prove that S^'^'''^'^ is bounded from 



L^{{0, 00)", Yl x'^^'dx) into L^'°°((0, 00)", H Xj'^'dx), it is sufficient to show that the operator 



2A,- 



5r'-"'(/)w = 



/^■oc /'CO /'22;2 p2xk 
Jo J 2x1 



wrixi,yi) 



llK'ix3,y3my)\UyT'dy 

J=2 j=l 
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is bounded from L^((0,oo)'^, Y{x'^j°'^dx) into L^'°°((0, oo)'^, f|a:^"^rfa;), for every aj > —1/2, 



j — 1, . . . , k, and for each x — {xi, . . . , Xk) G (0, oo)'^. 



If aj > —1/2, j = 1, . . . , fc, since H^^^'"'^' is bounded from L^((0, oo)', J| x'^'^' dx) into itself 



i rr 2/3, 



when /3j > —1/2, j = 1,...,^, and Z G N, by taking into account that W^ix^y) — VF^ 



t,x,y e (0,oo), and (12l and (24), the desired property for - follows when we see that 
the operator 



oo p2x2 r^^i 



yi+ E i^j-vjr 



i=2 



is bounded from L^((0,oo) , J| a; ■ dx) into L^'°°((0, oo) , Yi^i ^dx), for every /3, > —1/2, 
j = 1, . . . , Z, / e N, and x — (xi, . . . , x/) e (0, cx))'. 

Let /3j > —1/2, j = 1, . . . , Z and Z e N. Minkowski's inequality leads to 



\Tt-''{f){x)\< 



oo 1*2x2 /"^a^ 



2X1 •^2:2/2 Jxi/2 



yf+ E (^j-yj)^ 

j = 2 



l2Pi+l + l 



-dt\ l[{x,y,r'^f{y)\Y[yf^dy 



3=2 



<C 



00 /'2a;2 /'2a;i 



n(^,2;,)-^^|/(2/)| 



i=2 



i=2 



Then, by proceeding as in the proof of the main property (Case 3) in |25j we can see that the 



operator rj^^--^' is bounded from Li((0,cx))', l\xf'dx) into Li^°°((0, 00)', Hxf'dx) 



I rr ^2ft 



3 = 1 



We conclude that G^^'.^ defines a bounded operator from L^((0,oo)", Yi^^j^^dx) into 



2A, 



We are going to work with G'^\'.'3'^". According to [8, proof of Lemma 8] we have, for every 
A > -1/2, that 



(25) 
and 
(26) 



^W,\x,y)-{xy)-^^Wt{x,y) 



< ^M_^^-(.-,)V8t^ i,x,ye(0,oo), xy>t, 



< C- 



-ix-v)^/8t 
tA+3/2 



-, t,x,y & (0,00), xy < t. 



By combining (16 1, (25 1 and (26) in [[8,, Lemma 8] it was established that 

d 



(27) 



t 



^W^{x,y)-{xy)-^^Wt{x,y) 



\ C X 

^0 0<|<2/<2x, 



provided that A > —1/2. 
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The operator defined by G^^'.'g is bounded from i^((0, oo)", Y[ x''^^ dx) into L^'°°{{0, oo) 



2A, 



j=i 



■I— r 2A 

]^ a; ■ ^dz) provided that, for every 1 < I < m < n and a, > —1/2, j = 1, . . . , n, the operator 

3 = 1 







/ ' 




Jo 





^Wr{xi,yi)-{xivi)-"'^^t{xuyi) 



2x2 r'^xi 



■J2x 



2x„ 



i=2 



1/2 



rfi > , X e (0,00)'^ 



is bounded from L^((0,oo)", J^x "^dx) into L^'°°((0, 00)", J^x "'dx). 

i=i J=i 



Suppose that Z < m and > — 1/2, j = 1, . . . , n. According to (27 1 and by using Minkowski 
inequahty we obtain that 



2X1 



1 



1 X 



2qi+1 



2x2 ['2x1 





2q,- 



suplT Vpf'(a;j,yj)|/(y)| TTy^^'dy, x = (a;i,...,x„) € (0, 

J=2 J = l 

In Section 2 it was proved that the operator 



Lm 



2x2 f2xi 



J2Xr, 

2ai 



supY[w"'{xj,yj)\g{y)\Y[y'^,'^'dy, a; = (a;2, . . . , a:„) € (0, 00)" \ 
3=2 3=2 



is bounded from L^((0, cx))"^^, J|a;^"^(ix) into L^^°°((0, oo)"~^, n^^j"^'^^:). Moreover, H"J^ is 
bounded from L^{{0,oo),x'^°'^dx) into itself. Then, |14| Proposition 1] impHes that S^^l'"'"" is 



a bounded operator from L^((0, 00)", J| x dx) into L-'^'°°((0, 00)", J| x°''dx). 

3=1 3=1 

Since the operator Hj^ is bounded from L^((0, 00)*^, flx^.^'dx) into itself, for every /3j > 



-1/2, j = 1, . . . , fc, we need only to see that the operator 



3 = 1 



Pi.--. 0k 



i9)ix) 



2x1 1-2x2 r^Xk / a a 

-W^-{x,,y,) - (xiyi)"^^ -Q^tixuyi) 



k k 

X U^t'^'^^^yMy^Ylyf'^y 

j=2 3=1 



dt 



1/2 



> , X = {xi, . . . ,Xfc) € (0,00)'', 



k k 

is bounded from L^{{0,oof, Y[xf'dx) into L^'°°{{0,oo)'' , Y[xf'dx), when /3j > -1/2, j = 

j=i 3=1 
1, . . . , fc, to show that the operator S!^'^''"" , m = 1, . . . , n, has desired boundedness property. 



Let /3j > -1/2, j = 1, . . . By (I6I, (25l and (26) we have that 



2a:i p2x2 p2x 



Wf'{xi,yi) 



(xiyi)-^' ^ Wi (xi , yi )] n W^f ^ (x, , )g{y)Y[ yf^ dy 

i=2 i=i 



dt 



1/2 
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<c 



+ 



dt 



1/2 



2X1 /•2xk p-(xi-yiy /8t 



2 /St fe 



f/3l+3/2 



X{wl''{x„yj)g{y)\{yf'dy 



3=2 



1/2 



J=2 j = l 



" 1 






n 



<c 



1/2 



1 



^2^(1+2"" 
1/2 







sup 




t>0 J 


2 






|l/2 


sup 




t>0 



2xi f2xi^ 



f,-{xi-yif/8t k 



(xiyi)-^^-' y- n Wf^{x„y,My)\ n 

i=2 J=l 

2xi r^^k ^ ^ 

Y[W,^^{x„y,My)\l[yf^dy 

2 J=2 J=l 



y, ay 



dt 



~2Pi 

— > sup 

it) t>0j2i 



2a;i r^Xk ^ ^ 



2- J=2 



<c 



sup 

t>0 J£l 



2x1 p2xk 



2 /«* fe 



(a:iyi)-^^- 



-(xi-yiy/St 



]lwf^{x„y,My)\l[yf^dy 



'^^'^•^T T j=2 -^1 T j=2 



i=2 

2X1 



y^''" dy/c . . . dy2 



, X e (0,00)''. 



Since the operator Hj^^^ is bounded from L^((0, 00), y^^irfy) into itself, by taking into account 
the results established in the proof of Theorem 1 1.1 [ (see Section 2), we conclude that the operator 



fe fe 



y^^'-'^" is bounded from ^^((O, 00)''', Y[xY'dx) into L^-'°°{{0,oof, Y[xf'dx). 

A A " 2A 

Thus, we prove that Gi\:^' " defines a bounded operator from L^((0, 00)", Yl^j ' dx) into 



According to ( 20 1 we establish that the operator defined by \"'' " is bounded from ((0, 00)" 
Ha; - ^rfa;) into L1'°°((0, 00)", na^^ '^a;). 

Assume now that i — 2, . . . ,n. We analyze the operator Gi\' "'^". In order to do this we write 



2X1 



^ A, 5 / e 



dt \ 2V^ 



3=2 



J(0,oo)" 



\{W^^{x,,y,)f{y)\{yf^dy 



3=1 





1/2 






^ 1 








dt 




[1? 













2Vvrt 



(a^iyi)-^^ 



die it 



dt \ 2v^ 



3=2 



-A, 



2\/7rf 



2a:i ^'(0,00)" 



l[W,'^ix„y,)f{y)l[y'/^dy 



1/2 



dt 



+ 



2X1 
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4t 



-1 



dt 



2Vvri 



4t 



J=2 



2V7rt 



(0,< 



j=i+l j=l 




= ^Gi,i;;(/)(x), x= (xi,...,a;„) G (0, oo)". 



In order to analyze the boundedness property for Gi,i;i and Gi we can follow a similar way 
to the one employed to study Gi.i:i and Gi.i:2, respectively. 



(28) 



On the other hand, by ([s]) we get, for every A > —1/2, t,x,y € (0, cxo), 

1 (xy)-^^ 



W^,-^(x,2/)-(x2/)-^Wt(a;,2/) <G 



Also, ^ implies that 

(29) \Wt\x,y)-{xy)-^Wt{x,y)\<C{xy)-^-'Vte-^, xy > t, 

when A > —1/2, t,x,y £ (0, oo). 



a^y < t. 



By using (28l and (29), and proceeding as in the study of Gi_i;3 we can prove that Gi. 



i;3 



defines abounded operator from L^((0, oo)", Yi^j ' dx) into L^'°°((0, oo)", Yi^j ^dx). 



3 = 1 



J = l 



Thus, we conclude that Gi^i is bounded from i^((0, oo)", J^x^'^^da;) into L^'°°{{0,oo) 



n x'^.^'dx). 



2A 2A 

Hence, the operator Gi is bounded from ^-'^((O, oo)", Yi^j ' dx) into L^'°°((0, oo)", H ' 



dx), and the proof of Claim [2] is finished. 



□ 



4. Proof of Theorem 11.31 
In this section we prove that the Riesz transforms Ji^^-- -^^"^ j — 1, . . . ,n, associated with the 

" 2A " 2A 

Bessel operator a , are bounded from i^((0, oo)", Yi^i ^da;) into L^'°°((0, oo)", Yi^i 'dx). 

i=i i=i 

For every i = 1, . . . , n, and A^ > —1/2, j = 1, . . . ,n, the Riesz transform /J^i'-'^" jg formally 



defined by 
(30) 



Aa-1/2 



— 1/2 

where A_^^ ^ denotes the negative square root of the operator Aai....,a„- We are going to 
precise the definition ( 30 1 . 



Assume that < /? < ^ (Aj + 1/2) + 1 and \j > — 1/2, j = 1, . . . , n. We define the negative 



power A ^ on G^((0, oo)") as follows 



^Af...,Aj(^) 



1 



m Jo 



Ai,...,A„ 



X(l,oo)t^j n 



-^{\,+l/2) 
t ^ = 1 



n22^.T(A,+l/2) 

= 1 
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/ fiy)f\yT'dy]t^''dt, xe(0,oor, 



where / e Cf'((0, oo)"). 

Let / e C^°°((0,oo)"). We can write 



(31) 



A 



-/3 



"'(0,00)" j^-^ 



being, for each y G (0, oo)", x ^ y, 

In 



-x:(A,+i/2) \ 

t 



In order to prove the integral representation (31 ) for A^^'' ^ it is sufficient to show that, for 



every x G (0, oo)", 



/ l/(y)l f 

J(0,oo)" JO 



-E(A, + l/2) 

j=i n22^^r(Aj +1/2) 



t^-irft J^yf^dy <oo. 



Indeed, let x = {xi,. . . ,x„) € (0,(X))". According to (|3| and Q and denoting — suppf, we 
have that 



(0,oo) 



l/(y)l / l[W,'^ix,,y,)t^''dt]lyf^dy 

.7 = 1 ., = 1 



because f3 > 0. In the last inequality we have used Lemma 1.1]. 
On the other hand, by using again ([s]), Q and ^ it follows 



^-A-l/2 



22^r(A + l/2) 
1 

< p 4 

-(2t)^+i/2 

;-A-l/2 



1 /a;y\^-^+i/2 /a^yN 
^TV^ V 2^J ^^-1/2 V 2lJ 



e <" 



22^r(A + l/2) 



/a;y\-^+i/2 /xy\ 



2A-i/2r(A + l/2) 



< 



22^r(A + l/2) 
xy 



e it -I 



- e sup 



d 

dz 



(.-^+1/^/a_1/2(^)) 



C 



iA+3/2 



(32) 



<C 



WA+5/2 

X^ +7/2 



;A+3/2 



iA+3/2 



(^ + l), i,a:,ye (0,oo). 
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Then, by (jsj we get 

\fiy)\ 



(0,00)" 
n 
i=l 



< c 



-E(Aj+l/2) 
t ^ = 1 



3=1 n22^^r(A, + 1/2) 



K Jl 



A22A.r(A, + l/2) 



22A.r(A, + 1/2) 



°° -E(Aj + l/2)-2+/3 

t didy < oo, 



because /3 < E (^i + 1/2) + 1- 
In particular, we have 



^-1/2 
^A, ,...,A, 



/(^) 



Ai,....A„ 

1/2 



n2A - 
yj 'dy, X e {0,oo) 



3 = 1 



Remark 4.1. Note that if Q < (3 < Y.{^3 + 1/2); for every f e C;?°((0, oo)"), 

i=i 

/ l/(y)l / n^^(^^'2^^)^^"'^*nyf''^2^<°«' ^e(0:Oor 



and we can define the function 



(A,,,...,,J-^/(x) = 



fiy) 



(o,oo)" r(^) 



„OQ n n 

7 = 1 ., = 1 



w/ien / e C;?°((0,oo)"). T/ien, if < 13 < J2{Xj + 1/2) and / G C;?°((0, oo)"), for each 

X e (o,oo)", 



AAf...,A„/(^)-(AA,...,Aj"^/(:r) 



and, /or every i — 1, . . . ,n, 



-1 



r(/3) 



(0,oo)' 



roo n ^-(Aj+1/2) 



3 = 1 



d 



provided that this derivative exists. 

For every < /3 < n/2, the fractional power is defined on C^{W^) by 



A-'5/(a;) 



1 



1 



r(/3) 7o (20?)' 



r(/?)(2V7r)" 7o 



^ — i^v^ — fiv)dyd^ 

tP-^-n/^e-\^-y\"/*'dtdy 



r(n/2-/3) /• /(y) 



^dy, X eR" und f £C^{ 



7r"/24/3r(/3) 7r„ \x - y|"-2/5 

Note that all the above integrals are absolutely convergent. In particular, since n > 1, we 
have that, for every / € Cf'(M"), 



A-i/2;(^) = 



1 



2"7r^ 



fiy) 



/O t 2 

A crucial result to prove Theorem |1.3| is the following one. 



Pi dtdy, X € 
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Proposition 4.1. Let f e C;?°((0, oo)"). Assume that Xj > -1/2, j = l,...,n. Then, for 
every i ~ 1, . . . ,n, it has 



(33) 



dx. 



/ /(y)(^^'■■■''"(a:,y)-^^'••■'^"(x,y)) rryr^y. a.e. (0,00)" 



where 



^^-''"(x,y) 



^±175::^ I / '^Ul(a;j%) ' ) , a;,y gM", XT^y, 



anrf 



i?^-'^"(x,2;) 



1 h ^ dt 



Moreover, the integral in (33 I is absolutely convergent 



Proof. We are going to prove (33 1 for i = 1. We denote K = suppf. Suppose that is a 



compact subset of (0,oo)". There exist < a < 1 and 6 > 1, such that for every y € K and 
X e f2, > 1, when < t < a, and < 1, when b < t < oo, for every j = 1, n. We can 
write, for each x,y (z (0, oo)". 



n i^jV])' 



(34) K^^}-^-ix,y) 



2"7rT^ Jo tr^ 



-dt 



+ / n^^(^^'yj)-n(^^j^^)' 



/ 

n 



2^^rt I ^/^ 



E(A,+i/2) n(2^j%)" 



n 

n22A.r(A, + l/2) 



-\x-y\''/4:t 



2"7rt tt 



E(A,+i/2) n(^.7-%)" 



l[wt^{x„yj)- 

n22^^r(A, + i/2) 



2"7r2 



^2 



7! 



According to (|4|, we have for every x, y € (0, oo)" and t > 0, 



n 



2^^rt 



3 (a:,--!J,-) 



B-i)nA,-i/2..i(4)%/.t.-"^(2ffi)^ 
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where, for every v > —1, is a C°°(0, oo)-function such that fn{z) = O as z — > oo. 

Then, for each x,y G (0,oo)" and t > 0, 



-A 



(35) \[w^^{x,^y,)=\{W) 



\ 



1 



E 



fci, . . . , fc„ e N 

(fcl,...,*„) 7^0 



^feiH — hfc„ 
Cfei,...,fc„^;^ +gn{x,y,t) 



where Ck^^,„^k„ € M, fci, . . . , A;„ G N, fci, . . . , A:„ < n, and (/ci, • • • , 7^ 0, and g„ G C°°((0, oo)"x 
(0, 00)" X (6, 00)) and 

\9n{x,v,t)\< Ct"+\ t e (0,a), X e and y e X. 
Let 1/ > —1. By Q and ([S]) we get, for each z e (0,oo) , 

-1.-1/2 \ 



(36) 

and 
d 



-v-1/2 



Y^{~i)\[i^ + 1, fc + 1] - h fc + i])(2z)-'=-i + /,':|i(z) - /,-:+i(z) , 



dz^ ^ dz \ 



^(-l)'=hA:](2z)-'= + /„^(. 



(37) 



,-1-1/2 
2tt 



^(-l)'=[i., fc](2z/ + 2fc + l)(2 



Moreover, [ly + I, k + 1] - [v, k + I] = [ly, k]{2v + 2fc + 1), for A: e N, fc > 1. Indeed, let A: > 1. We 
have that 



[v + l,k + l]- [u,k + l] 



\{{A{u + If (2j + If) n(4^' - i^J + 1)' 



22fe+2r(/c + 2) 

[](2i. + 2(i + 1) + l)(2i. - 2(i - 1) - 1) - n(2i. + 2j + l)(2i/ - 2j - 1) 



J=0 j=0 
k k 



22fe+2r(fc + 2) 



fe-i 



4(fc + i)22'=r(fc + i) 

[i^, k]{2v + 2k + l) 



Then, from (|36| and (|37| we deduce that 

Hence 
(38) 



Jn Jn+1 ' Jn+1- 



dz 



1 



, as z — > 00, 



and we conclude that 



(39) 



d 

dxi' 



< Ct"+\ te{0,a), xen and ?/ e iiT. 
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If fc G N, according to |32| Lemma 1.1] we get 

(40) r e^^-y^'^^H''~^dt< r e^^-y^'/^H-'^dtKC-, x^y, x,y e iO,ooy\ 

Jo Jo \x ~ yr~^ 

Suppose that fci, . . . , fc„ G N such that fci + • • • + fc„ < n and ki > 1, for some i — 1, . . . , n. 
From ( 40 1 it deduces that the functions 

ra -|z|V4t ra „-W j At 

hk,,...,kA^) ^ —dt , i/fc„...,fe„(z) = / —dt, zeM"\{0} 

Jo ^-T,kj Jo f+i-Efcj 

are in L^{A) for every compact subset A C M". Moreover, 

^h,,_,A-) = r A,-NV4*,-^^S'^d^, , e M" \ {0}. 

oxi Jo dxi 

Since / G C;f ((0, oo)") by defining f{y) = 0, ?/ £ M" \ (0, oo)", the function 

= / l[{x,y,)-^^-'^ f{y)hk„...,kAx - y)Y[y'/'dy, xe{0,^r, 
is derivable with respect to xi on (0,oo)", and 



„ n n 

"'K" j=2 j = l 



5a; 1 



JR- j=2 ,=2 

„ n n 

= -(Ai + fci) / a;r^^-'^-'yr^^-'^n(^^J'^)"'^^'^/(y)'^fci.---.fc"(^"y)nyr'^y 

"'R" i=2 i=i 

„ n „ n 

- / ^r'^"'^ Yi^^.i^^ - yi)y''~''7r [(^^ - y^)'''''fi^ - y)] hk,,...,kAy) n(^^- - y^^'^'^y 

J^" j=2 "y^ 3=2 

» n n 

= - (Ai + fci) / x^^^-'^^-'y^^^-'^^ l[('^,y,)-^^-''^f{y)hk,,...,kA^ - n yf'dy 

"'R" J=2 j=l 

V-i (^j '-^J' ~ y])) ' J-oo dyi 

» n n 

- - (Ai + fci) / x-^-''^-^-^^-''^ X{{^mr^'-''f{y)hk,,....kA^ - n yf'dy 

"'R" i=2 j=i 

» n n 

- - (Ai + fci) / xr^-'^^-iyr^-'^^ l[('^,y,)-'^-''^f{y)hk,,...,kA^ y)l[ yf'dy 

"'R" j=2 j = l 

P n n p. 

+ / - %))"^^"'^ n(^^ - yjf^'fi^ - y)j^hk,,...,kAy)dy 

„ n n 

= - (Ai + fci) j^^^ x^'^-'-^-'y^'^-'^ Y[('^,y,y'^-''^fiy)hk,,...,kA^ - y) n y^'dy 



j=2 j=l 
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„ n Q n 

» n n 

(Ai + fci) / x^'^-'--'y^'^-'^ l[('=,yj)-'^-''^f{y)hk,,...,kA^-y)l[yT'dy 

„ n „ n 



_9_ 
9xi 



Hence, we obtain, for each x G (0, oo)", 

m I n 



(41) 
d 
dxi 



2V7ri 



e — 



X] Cfc,,...,fc„^;^ dtY[y]^'dy 



ki, . . . , kji < n 
{fcl,...,fe„) #0 



E 



fci, . . . , fcri e N 

fc 1 , . . . , A; < n 
{*:i,...,fc„) #0 



cfci....,fe„ ) n 



Also, by using (39) we can see that 
(42) 
d 



dxi 



fJi 2Vnt 

f{y) 



dxi 



From ( 35 1 , ( 41 1 and ( 42 ) we deduce that 
(43) 



dx 



-e <« 



By (32) it follows that 



-E(A,+l/2) 

t '=1 



nM^r(a^-„y,)- 

j=i n22^^r(Aj + i/2) j=i 



2V7rt 



1 

7t 



n ^ i—1 

<ll^M^t'{^3^y3) 



Wt{x^.y^) 



t-A,-l/2 



22A.r(A, + l/2) 



- E (A,+l/2) 

n 

n 22A.r(A,- + l/2) 
J=i+1 



c 



f(«+l)/2 



/ 



<c 



, i:(A,+l/2)+3/2 



, b < t < oo, a; G 57 and y £ K. 
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Moreover, according to Q we have that 



/ 



d 



-E(A, + l/2) 

\{W^^{x,^y,)~^^ n 

3=1 n22^^r(A, + 1/2) 0=1 



-e <« 



J=2 



(2i)Ai + l/2 



i+yi 



-Ai-l -Ai n 



e 4* 



Then, pt leads to 



i=2 



9a; 



-E(A,+l/2) 



n22A.r(A, + 1/2) (2V^)",=i 

/ 



-A, 



<c 



1 



1 E (A, + l/2) + l 



t"/2 



t > 6, X e and y £ K. 



Hence, for each x € (0, cxd)", we can differentiate under the integral sign obtaining 
(44) 



d 
dxi 



(0,oo)" 



J{y) {w.^'i^o.vo) 



-E(A,+l/2) „ |_,|2 

^ my.)-'^'' ^' 

n22A.r(A, +1/2) 3 = 1 
3 = 1 



-E(A, + l/2) 
t ^ = 1 



Finally, it is not hard to see that 
(45) 



d 
dxi 



f{y) 



(0,oo)" 



n22A.r(Aj +1/2) 3 = 1 

3 = 1 



dt 



Wixjyj) 



dy 



e it \ dt 



-E(A, + l/2) 



t ^=1 



dt 



1 n22^^r(A, + i/2) 

3 = 1 



Y[yf'dy 

3 = 1 



By combining ( 34 ) , ( 43 1 , ( 44 ) and ([45]) we can prove ( 33 1 . Moreover the estimations that we 
have established show the absolute convergence of the integral in ( 33 1 . 

Thus the proof of Proposition |4. 1 1 is finished. 
Proposition ' 



□ 



4.1 



allows us to define the Riesz transforms i?^^' i = 1, . . . , n, on C^((0, oo)") 



Proposition 4.2. Let f € C^((0,cx))") and Xj > —1/2, j = l,...,n. Then, for every i — 
1, . . . , n, the function ^ f admits derivative ^ f with respect to Xi on almost all 

(0, oo)", and 



_d_ 
dx. 



„ n 

K'\J^^)= 1™ / R:"-''-{^.v)I{y)\{yf'dy, a.e. x e (0, oo)" 

^■^^^ J\x-v\>e fj{ 
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Proof. Let i — 1, . . . , n. As it is well known, for every g G C;?°(M"), admits derivative 



^/^g with respect to Xi on almost all M" and 



d 



A-^/^g{x) = lim 



d 



e <i* 



Moreover, for every x G (0,oo)", it has 



dtdy, a.e. a; G (0,cx))' 



i/(2/)iny'^ 



t 2 



—dtdy < C 



\f{y)\Uy 



(0,00)" 



-^dy < 00. 



Then, 
dxi 



lim 

e-i-0+ 



|2;-i/|>e 



9a; 



2"(7rt)(»+i)/2 



I n^'j^'^^/j Ei.e. a; G (0,oo) 



Hence, from Proposition 
respect to Xi on almost a' 



4.1 



d 



A 



-1/2 



g Ai,...,A. 



fix) 



1(0, 00)" and 
9a:: 



we conclude that A^^^ ^ f admits derivative J^A 



J-A^^^'^ , with 



n n 

n4^A-v.(/n,;.)(, 
+ lim / /(y)^,'^'-''" (x, y) n yf ^rfy 

P n 

lim / f{y)R^'""'^'"{x,y)T]y'^^^'dy, a.e. a; G (0,oo) 



_d_ 

dx,. 



= lim 



|a;-i/|>e 



3=1 



□ 



1— r 2A ■ 

We now prove that, for every / G i'°((0, 00)", Y[ ^ dx), I < p < 00, exists the limit 



P n 

lim / R^'""'^''^{x,y)f{y)Y\y^^^'dy, a.e x G (0, 



00 



with z = 1, . . . , n. In order to show this we consider, for every i = 1, . . . , n, the maximal operator 

^Ai,. 



^Al,...,A„ (Jg£j-^g(J ]-,y 



<;-'^"(/)(^)-sup 

e>0 



/ R^'-'-{x,y)f{y)l[y]''dy 

J\x-y\>e .1 



Proposition 4.3. Let Xj > —1/2, j = 1, . . . , n, and i = I, . . . ,n. The maximal operator R. 



Ai,...,A„ 



is bounded from L^((0, 00)", Y[ x^/^^ dx) into itself, 1 < p < 00 and from £^((0, 00)", Y\ x'^-^^ dx) 



2A, 



i=i 
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Proof. We consider i = 1. For the other values of i we can proceed analogously. We can write 



1 

V'^ Jo \9xi 
dt 



d d 



i-i 



n 

1=2 ^''^ •'^ j=2 

l-l n 

— X{xi/2<yi<2xi }{yi){xmr^''^t(xi,yi)) n 

Q n n 



-j^ poo 

n+l 



We now study the maximal operator -R^^^"'^" associated with R'^\' "'^" in the usual way. 
Firstly we consider According to |22l (22)], ([3| and Q, we have 

d 



(46) 
and 

(47) 



du 



Wtiu,v) 



^ - e (0' oo) ^ < 1, 



5 g-(tl-D)V8t 

— ^^^(m,^) < C('uu)"^ , t,u,v e (0,oo) and — > 1, 

ou t t 



Inequalities (46) and (47l lead, for every A > —1/2 and < u < u/2,, to 
(48) 



d 



du 



<C <C : t>0 



iA+3/2 



Suppose that 1 < I < m < n. According to (|9|, ([T2| and (|48]), we get 



2x,_,_i 



<c 



2Xm + 

?f /•2a:, + 1 



2x„ 



3 = 1 

oo n 



-{j:xp/m 
e 



n 



E(Aj+l/2) + l 



2a;^ /'OO 

(^ 

2A,+1 



2a;„ 



n 



1 



2Aj+l 



\f{y)\ 



(^^^fyA^p-i^-vjf/it 
Vt 



dtY[yf'dy 



Since, for every fc € N, iJ^^ and H"J^'"''"'' are bounded from L-'^((0, oo)*^, Y{x^,"''dx) into itself. 



provided that aj > —1/2, j = 1, . . . , fc, the operator 



2a:! + i 



22:^^1 /"OO 

2a;„ + i 



2a;, 



\R',:r''''ix,y)\\fiy)\l[yjdy 
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is bounded from i^((0, oo)", Yi^i ^ dx) into L^'°°((0, oo)", Yi^i ^dx), provided that, for every 

3=1 3=1 

r,k E N, 1 < r < k and aj > —1/2, j = 1, . . . , fc, the operator 



+ 1 



■2xk 



\9iy)\ 



' n (^.2^.)'"- ' T dtf[y]"'dy 

i:(".+l/2) + l+(fc-r)/2 fJl 



„k,r 



2Xr.+ l 

V+1 
2 

1 



2xk ^ 

n (^.y.)-"^l.9(y)l 

Lk. 

2 j—r+1 

k 



k E («j+l/2) + (fe-r)/2 ^.^-^ 



J=l j=r+l 



where c^'^'' is a constant, is bounded from i^((0, oo)*'', x-^'^dx) into _L^'°°((0, oo)*'', x""^ 

3=1 3=1 

dx). This last property is true because the operators ^^^^■■■^"-^ and iQi,...,Q^ are bounded 
from Li((0,oo)'', na;^"'^^^;) into Li^°°((0, oo)'=, Hx^^^da:), when > -1/2, j = l,...,fc, and 



1 < r < /c, r, fc e N. 



On the other hand, as it was proved in [8, Lemma 5], 



d 
dxi 



Wt^Hxi,yi) 



< C^^^, < 2/1 < Xi/2. 

^1 



Then, by writing y — (7/2, ■ . . , ^n), it has, for every x G (0, 00)^, 

d 



Ai,...,A„ 
Lm 



(/)(^) <c 



^0 



dxi 



w^r(^i,yi) 



X sup 



t>0 Jio^^)'^-i ^J-^ 



l[W,^^{x,,y,)\f{y,,y)\Y[y'/^dy dtyf^^dy^ 



3=2 



<- 



C 



2X1+1 



sup / n ^t^' (xj,y,)\f{yi,y)\ J] y'^' dyyl^^dy. 



t>0 J(0,oo)"-i _ 



J=2 



i=2 



Since L^i is bounded from i^((0, oo), x'^^^dx) into itself and bounded from -L^((0, cxo)", 

Ylx'^°'^dx) into itself, S^^^"'^" is bounded from LP((0, oo)", J^x^^^da;) into itself, for every 
3=2 ' 3=1 

1 < p < 00. 



(49) 



By using (46 1 and (47 1, for every A > —1/2 and 2m < ti < cx), we obtain 

d 



du 



Wt(u,v] 



- +A+1 ^ , t ^ U. 



Suppose that 1 < / < m < n. By ([6|, (|9|, ([T2| and (|49|, for each x = {xi, . . . , a;„) G (0, oo)", 
it follows that. 



\l,...,Xr 



Lm 



(/)(^) 



2xi J 2xi 



\R\]i-^-{x,y)\\f{y)\\{yf^dy 

3 = 1 
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<c 



2xi J2xi 



\f{y)\ 



j = l j=m + l 



E(Aj+l/2)+ T. (A,+l/2) + l 

^j = l j = m + l 



X n 

j=i+i 



-A, 



1 

2A7+T 



Since the operator ^"i^ - '"'-- jg bounded from L^((0,oo)'', j^x^^^da;) into itself, provided 
that aj > —1/2, j = l,...,k, in order that to see that the operator =5^;'*'^' ■ is bounded 



from L^((0, oo)", Yi^i ' dx) into _L^'°°((0, oo)". Y\x- ^dx) it is sufficient to show that, for every 
aj > —1/2, j — 1, . . . , fc, and l<s<r<k,s,r,k^N, the operator 



oo /'OO 



CO /'2x 
2xi J2X2 J2x 



+ 1 



22;,- 

^ Jo 



l5(y)inyr 



n {xjV]) "'dy 

j=s+l 



X e (0,00)'', 



j=l j=s+l 



, E(A,+l/2)+ E (A,+l/2) + (r-s)/2 
1,00 / 



is bounded from _L^((0, 00)*^, Y\x, ^ dx) into L^'°°((0, oo)'^, Y\x. 'dx). Let a, > —1/2, j = 

3=1 3=1 
1, . . . , fc, and < s < r < fc. By proceeding as in the proof of [25 , Case 3] we can prove that the op- 

erator T"i'-'"'= is bounded from L^((0, 00)*^, JJx, ^da;) into L^'°°((0, oo)*-', 2; 'dx), when s < 



r. Also, the operator T"l'---'°'^ is bounded from i^((0, 00)*^, J| x°''dx) into L^'°°((0, oo)'', J| x°''dx), 



because 
rs.s(5)(a::) < 



( E ^] 



c 

X: (A,+l/2) Jo 



00 /'OO 



l5(y)l 



2X1 "'2xs Ul-'-Vs 



J] (0,oo)^ 



and is bounded from L-'^((0, 00)*, Y\x^^^^ dx) into itself and iA3+i,...,Afc is bounded from 



Ll((0,oo)'=-^ n a;^^'d^) into Ll■°°((0,oo)'=-^ Jl x^^'dx). Then, the operator J5^;^^ 



]=s+l 



2A, 



<,Ai....,A„ . 



9\ 95, 

bounded from L^{{0,oo)", U^idx) into ii'°°((0, 00)", Oa;- '^a;). 



Moreover, [5] Lemma 5], 



d 
dxi 



dt ^ Xi 

77^^-2aT+2' 2xi<zji<oo. 

V t- Vi 



Then, for each x G (0, 00)" , putting y = (7/2, ■ ■ ■ ,yn), 









sup / 


hxi yi 


I t>0 J(0 



nw^t^'(a;„%)i/(yi,y)inyf'^^ I '^yi- 

3=2 3=-2 



Since i?^ is bounded from i^'((0, 00), x^'^'^da;) into itself and ]4^^-^2,...,a„ bounded from L'p{ 

(0,00)""-'^, Y\x^j^^dx) into itself, is bounded from LP((0, 00)", J^x^^^dx) into itself, 

i=2 ' ]=i 

for every 1 < p < 00. 
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Finally, as it was proved in the proof of [8, Lemma 3], we have that 



< C- 



Vt 



{uvy^^^/^, uv > t. 



Then, by using (|6| and ([9|, we obtain that, for every 1 < / < ™ < 



j_\l,...,\r. 



<c 



2X1 



2x1 r2xi ^-^i 

i "J^ J a 



J2x. 



poo 


poo 

■ / l/(y)l 


[L 









\Rl:{-^-{x,y)\\f{y)\\[yf^dy 

xiyi g-(xi-yif /it 



t 



-Ai-1/2 



]=2 



<c 



<c 



2x1 



dt 

— sup 

^/t t>o 



dt 



2X1 



tXl+3/2 

p~(xi-vif/it 



-{xi-yiY/St 



l[W,^^{x,,y,)dt 

3=2 



Wyf'dy 

i=i 



(o,< 



^ dt_ 



sup 

t>0 



{xm)-'^-'^'l[wt^{x„y,)\f{y)\l[y'^^^dy 

3=2 j=l 



2X1 



l[w:^{x„y,)\f{y)\'[[y'/^dy 

(0,oo)"-i j = l 



sup 

t>0 



2X1 



(0,oo) 



-{xi-yiy/4t 



(a^iyi)-'^ n ^t'' i^3,y3)\fiy)\ n vT'^^y 



3=2 



^ n 1 ^2x1 " 

+ sup / n ^t^' (^j- ' ) ^attt / f(y)yl'' ^y^ 11 yf' '^y 



Since the operator 77^^^^ is bounded from L^((0, oo), dxi) into itself, the maximal operator 

T^*^"'-^" is bounded from ^^((O, oo)"-i, [] into Li'°°((0, oo)"-\ f] a^^^'dx) (Theorem 

3=2 3=2 

and, as the arguments developed in the proof of Theorem 1 1 . 1 1 show , the maximal operator 



/■2xi 

;^--^"(/)(x) = sup / 

t>Oj^ J(0,oo)"- 



g-(a:i-yi)V4t 



(xiyi)-^' n (^.-^ n yf^'^y^ 

3=2 3 = 1 



is bounded from ii((0,oo)", Hx. 'dx) into Li'°°((0, oo)", J] a;- 'da:), for each x G (0,cx))". We 

J=l 3=1 



conclude that the operator Sfj^' is bounded from L^{(0, oo)", Y[ x^^'^' dx) into L^'°°((0, oo)" 



2A, 



3 = i 



n a;?'^' dx). 



3 = 1 



Moreover, since the operator Hj^^^^, w^^'----^" and are bounded from LP((0, oo). 



„2A, 



da;) into itself, £^((0, oo)"-i, Ha^^^'dx) into itself, and LP((0,oo)", Ha^^^^da;) into itself 



3=2 



3 = 1 



respectively, §j^i' - '^" jg bounded from ^^((0, oo)", x^'^^dx) into itself, for every 1 < p < oo. 

3 = 1 
-)A, ,...,A„ 



Hence, we have proved that the operator R^\ "' " defined by 

~ n 

<V -''"(/)(a^) = / \R',:-^"{x,y)\f{y)l[y'^'^dy, x e (0, 



3 = 1 
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is bounded from ii((0,oo)", Hx. 'dx) into ii'°°((0, cx))", JJx^ 'dx) and from iP((0,oo)" 

2A 



Y[xa ' dx) into itself, for every 1 < p < oo. Since 



<\':r^"(/)(^)-sup 

e>0 



/ Rt-^"{x,y)f{y)f[yf^dy 

J\x-y\>e 



is bounded from Li((0,oo)", U^j dx) into Li'°°((0, oo)", 11 ^^a;) and from LP{ 



TT 2A ■ 

(0, 00)", Y[ ' dx) into itself, for every 1 < p < 00. 



Ai,...,A„ 



In order to study the maximal operators -R^ V* ^" i ^ = 2, . . . , n, we can proceed as for Ri\'^ 
by taking into account (29 1. 



We now consider the maximal operator 



e>0 



\x-y\>e 



X e (0,cx))". 



We use now a procedure similar than the one developed in the proof of Claim ^ in Section 3. 
For every m — (mi, . . . ,m„) e Z" we define the operator ^^i'- -^-'*" by 



^™"-'^"(/)(a;)=sup 

e>0 



ix)l[xj'^— / Uiy)- 

) fJl J\x-y\>e 



n [2"^' a 

™'t (a; 1 , yi ) n ' ) ^^2^ 



9x1 



i=2 



, a; e (0, cxd)", 



where /^(y) = X 



Let 7 > 0. We have that 



mA„...,A„({x e (0,00)" : > 7}) 

<mx„...,xA{x e (0,cx))" : |<„+i> - if)i^)\ > 7/2}) 



E "^A,.....A„({x e ^[2™^2"^"^') : if > 7/2}). 



We denotes by the maximal operator 



Ri,*i9)ix) = sup 

e>0 



\x-y\>eJo 9xi 



^ '%{xi,y^)f[Wtix,,y,)^g{y)dy 



It is well known that Ri^ is a bounded operator from L^(M", rfx) into L^'°°(M", dx) and from 
L^'(IR", dx) into itself, for every 1 < p < 00. 
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Then, for every m = {mi, . . . , m„) € Z", it gets 

n 

mx„....^A{^ e ^[2"^2'"^■+^) : > 7/2}) 



<C2 



1 = 1 ™\ / 



< — 2^-1 ||/m||Li(R",dx) 



<- 



c 



7 J n [2"j-\2'"j+^) 



Here M and C denotes suitable positive constants that do not depend on m G Z". By m'o ' we 
represent the Lebesgue measure in M". Hence, 



(50) 



J2 "^A„...,A„({x e ^[2"^2"^■+^) : > 7/2}) 

<-|l/ll - 2A. . 



Also, if 1 < p < cxD, we can write 



<C E 2 

mGZ" 

(2-p)i:m,Aj 

<C E 2 



\RlAfm){x)\Pdx 



n [2'"j"\2™j+^) 



l/(2/)rn2/f^d2/ 



3 = 1 



(51) 



/n 

<c||/||^. 

On the other hand, we have that 

mA,,...,,„({x e (0,00)" : |<„+i";(/)(a:) - E ^r}:"-'Hf){^)\ > 7/2}) 

n 

< E "^A,,...,A„({x G ^[2"^2"^+') : l<„+d"(/)(^) - > 7/2}). 

Let m = (mi, . . . ,m„) e Z". We define, for every x G J] [2™^ , 2'"j+^), the sets Bi{x) and Ci{x), 

J eta 

I = 1, . . . ,n, and A(a;) as in the proof of Theorem |1.2| Then, 



Ai,...,A„, 



^ n I n 



< 



n 



-A, 



C,(x) 



IBiix) 

l/(y)l 



l/(y)l 



_9 
9a; 



7 . /I 

-Wt(xi,2;i)|nWt(a;2,y2)^ny.^' 
1 7=2 V t .1 



o '» " 

i=2 ^ 7=1 
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1=1 



\fiy)\ 



\fiy)\ 

\x - 2/1'' 



°° p-\x~y\^/St 



-dtdy 



Ci{x) 



°° P~\x-y\^/St 



dy 



2^1+2 



\f{yi-,y)\dvi, we 



By denoting y = {y2,...,yn) e \ and /^(y) = x - ^ ^^.+2^ 
obtain 

where x — {x2, • ■ • , Xn) when x = (xi, X2, . . . , a;„), and M„_i(/„i)(a;) denotes the Hardy Little- 
wood maximal function in M"^^. 

Then, for every /3 > 0, 



<"T-Ai,...a„ 



{:c e ^[2'"^2'"^^') : ^M„~i(/™)(x) > /?}) 



(52) 



M 
<- 



2 5] AjTOj 



({x e : Af„_i(/„)(x) > ^}) 



/3 7n [2"^- 



n [2'"J"^2"j+^) 

3 = 1 



where M > does not depend on m € Z". Also, if 1 < p < oo, by using Jensen's inequality and 
maximal Theorem we have 



in [2" 



Bi(x) \x~y\'' 



" 2 52 Ajmj-mi(p-l) 

<C2 



iAf„_i(/„o(s)rdx 



(53) 



<C 



n [2'"j"\2'"j" 



where C > does not depend on m e Z". 



Estimates similar than (52 1 and (53 1 can be obtain for Bi{x), I = 2, ... ,71, and Ci{x), I 
1, . . . ,n. Putting together all the estimates we get 



™a......a„({^ e ^[2'"^2'"^■+l) : |<„;t"(/)(^) - ^n"-''"(/)(^)l > 7/2}) 

c 



<- 



7 J n [2'"j-\2'"j+^) 

3 = 1 



l/(?/)inyr'^y 



and, for every 1 < p < oo, 



J Y{ [2™3 ,2'"j^ 



\R 



l,n+l, 



Ai,...,A„ 



< c 



{f){x)-'3r^--^-{f){x)\^X{xf^dx 



2A, 



i/(y)rnyf''^y- 
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Hence, by summing in m G Z", it follows 

e (0,oo)" : |<„+d"(/)(:r) - ^ ^T^--"" (/)(x)| > 7/2}) 

7 Li((0,oo)", n a;^- ') 

and, for every 1 < p < 00, 

(55) ll<„+i';(/)(^) - E < cWfWv 

A A " 2A 

From (50 1 and (54 1 we deduce that Ri^^+'i * bounded from i^((0, 00)", H ' dx) into 



L^'°°((0, 00)", x^'^^da;), and from (51 1 and (55l it infers that is bounded from 

" 2A 

LP((0,cx))", X ^dx) into itself, for every 1 < p < 00. 



Thus the proof of Proposition 4.3 is finished. □ 
According to Proposition |4.2| and |4.3| standard arguments allow us to conclude that, for every 

" 2A 

/ e i^((0, 00)", n ' dx), 1 < p < 00, and z = 1, . . . , n, there exists the limit 
lim / i?^- '^"(x,y)/(2/)d2/, a. e. x € (0, 00)". 

" 2A 

We define, for every / e £^((0, cx))", H ^7- ^c?^;), 1 < p < 00, and i = the Riesz 

i=i 

transform i?^^' " '^" (/) of / by 

R-'- -^-{f){x)^ lim [ R^'- '^-{x,y)f{y)dy, a.e. x G (0, 00)". 



|a:-a|>e 



Note that, by Proposition 4.2 for every i = 1, . . . , n this definition extends the initial definition 
of Riesz transform Rf^ -'^'^ from C;?°((0, 00)") to LP((0,oo)", na;f'c^a;), 1 < p < 00. 

Finally, from Proposition |4.3| we infer the desired L^'-boundedness properties for the Riesz 
transform R^^'" '^", i = 1, . . . ,n, and the proof of Theorem 1.3 is complete. 
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